The Kohn variational method is used with a configuration-interaction-type wave function to determine the J = 0 and J = 1 phase shifts and annihilation parameter Z eff for positron-hydrogenic ion scattering. The phase shifts are within 1 -2% of the best previous calculations. The values of Z eff are small and do not exceed unity for any of the momenta considered. At thermal energies Z eff is minute with a value of order 10 −50 occurring for He + at k = 0.05a 0 −1 . In addition to the variational calculations, analytic expressions for the phase shift and annihilation parameters within the Coulomb wave Born approximation are derived and used to help elucidate the dynamics of positron collisions with positive ions.
I. INTRODUCTION
The scattering of positrons from atomic ions is not a problem that has received much attention. There are a variety of reasons for this. On the experimental side, the difficulties in working with positron beams are well known and there has never been an experiment upon such a system. From the theoretical side, the asymptotic form of the wave function involves Coulomb waves which have more complicated analytic forms than plane waves. For example, some methods used in the momentum space solutions of the LippmannSchwinger equation for positron-hydrogen scattering [1, 2] are not easily adapted to the positron-He + system. When it comes to calculations of the positron-He + system, one can literally count the different calculations on one hand. The first published calculations treated electron-positron correlations realistically, but were not large enough to achieve convergence [3] . More recently, Bransden et al. [4] solved the Lippmann-Schwinger equation in a mixed basis of e + -He + and Ps-He 2+ channels to obtain relatively accurate phase shifts for the positron-He + system. Most recently, the Harris-Nesbet variational method has been applied by Gien to give phase shifts for positron scattering for the various ions (He + , Li 2+ , Be 3+ , and B 4+ ) in the elastic-scattering region [5, 6] .
In the present paper, the Kohn variational method is applied to the problem of positron scattering from hydrogenic ions. Unlike some other applications of the Kohn method to simple systems [5, 7, 8] , the present approach does not include basis functions with interelectronic coordinates and instead uses a basis of functions all centered on the nucleus. The use of such a configuration-interaction (CI) -type basis does entail some large-scale calculations, but the issues involved in doing these calculations at low energies have been effectively solved [9] . The only changes that had to be made to the program used for the positron-hydrogen system were the replacement of the long-range spherical Bessel function type basis functions with Coulomb functions. Besides presenting s-and p-wave phase shifts, an analysis of positron annihilation during the collision is also presented. Initially, the Coulomb wave Born approximation (CWBA) is used to show that the positron annihilation rate is largely dominated by the ability of the positron to tunnel through the repulsive Coulomb interaction. The annihilation parameter Z eff is then computed using the wave functions obtained from the variational calculation.
II. DETAILS OF THE CALCULATION

A. The scattering Hamiltonian
The interaction Hamiltonian for positron-hydrogen-like ions is written as In these expressions, i ͑r 1 ͒ and j ͑r 0 ͒ are short-range square integrable functions with orbital angular momenta ᐉ i and ᐉ j . The function, g.s. ͑r 1 ͒ is the ground-state ͑g.s.͒ wave function of the target ion, while s ͑r 0 ͒ and c ͑r 0 ͒ are the continuum functions. Considerations of spin have been omitted from the wave function since they exert no impact upon the scattering wave function. Since the target ion ground state has ᐉ g.s. = 0, considerations of angular-momentum conservation require that ᐉ = J. The radial parts of the positron continuum functions have the form
c ͑r 0 ͒ = ͓1 − exp ͑− ␤r 0 ͔͒ 2J+1 G J ͑,kr 0 ͒. ͑7͒
For hydrogenlike ions = ͑Z −1͒ / k. For neutral atoms =0, and the Coulomb functions are reduced to spherical Bessel functions: F J ͑0,kr͒ = krj J ͑kr͒ and G J ͑0,kr͒ =−krn J ͑kr͒. The ͓1 − exp ͑−␤r 0 ͔͒ 2J+1 factor is used to make the irregular solution c ͑r 0 ͒ go to zero as r 0 → 0. The factor ␤ was generally set to 2.0 for the present calculations. The scattering lengths and annihilation parameter Z eff were insensitive to the precise value chosen for ␤. The short-range functions i ͑r 1 ͒ and j ͑r 0 ͒ are written as a linear combination of Laguerre-type orbitals ͑LTOs͒. All the basis functions so far, except ͉⌽ s ; JM J ͘ and ͉⌽ c ; JM J ͘, are identical in functional form to the basis functions used in earlier CI-Kohn calculations of positron-hydrogen and positron-copper scattering ͓9͔.
The asymptotic form of the scattering wave functions can be written with a number of different normalizations [14] depending on the form adopted for ␣ 0 and ␣ 1 . These conditions are ␣ 0 = cos − ␣ t sin , ͑8͒
where ␦ t is the phase shift of the trial wave function and ͓0, /2͔. When =0, ␣ t reduces to tan͑␦ t ͒, which is just the K-matrix element. The choice = / 2 gives ␣ t = cot͑␦ t ͒, which is just the reciprocal of K-matrix element. ͑The choice = / 2 is sometimes called the inverse Kohn method ͓15͔.͒ Besides the normalizing condition, there is one other area where there is flexibility in the choice of the continuum functions. This concerns whether the functions s and c are orthogonalized to the short-range L 2 radial basis functions. Either choice is permissible, but we chose to orthogonalize since this simplified the evaluation of the matrix elements. The generalized Kohn functional ␣ v = tan͑␦ v − ͒ is given by
Applying the Kohn condition that the Kohn functional is stationary with respect to the linear variational parameters in the trial wave function leads to the linear equations
where N SR is the total number of short-range basis functions. These equations are solved to determine ␣ t and c i . The error in ␣ v upon solving the set of ͑N SR +1͒ linear equations is of second order with respect to variations in the trial wave function.
Besides the phase shift, the annihilation parameter Z eff is also calculated. The spin-averaged annihilation parameter can be written as [16] [17] [18] Z eff = N ͵d
͑14͒
where ⌿͑r 0 , r 1 ͒ is the total wave function of the system. In the plane-wave Born approximation, the positron wave function is written as a plane wave and the annihilation parameter is equal to the number of atomic electrons, i.e., Z eff = N e . The partial-wave contributions to Eq. (14),
can be written as
͑16͒
where N CI = ͑N SR +2͒ is total number of basis functions. The functions a i ͑r͒, p i ͑r͒, etc., are the radial parts of the single electron and positron orbitals. The coefficients ␣ 0 and ␣ 1 of the two continuum basis functions are evaluated from ␣ t ͓us-ing Eq. ͑10͔͒ for a specific value of . The factor N k is defined as
The L 2 basis was constructed by populating all the possible configurations that could be formed by letting the electron and positron populate all the orbitals subject to the selection rules,
In these expressions ᐉ j is the positron angular momentum and ᐉ i is the electron angular momentum. It is necessary to choose a basis with a large value of L max in order to obtain results close to convergence. It is known that the attractive interaction between the electron and positron leads to localization of the atomic electrons in the vicinity of the positron ͓19,20͔. The formation of something akin to a virtual Ps cluster leads to very slow convergence with ᐉ. The convergence of Z eff with respect to L max is typically much slower than the phase shift. The slow convergence of the phase shift and annihilation rate with increasing L max means an extrapolation technique must be used to estimate the L max → ϱ limit. Making the assumption that the successive increments to an physical observable X L scale as 1 / L p for sufficiently large L, one can write
The power series is easy to evaluate, the coefficient ⌬ is defined as
and the exponent p can be derived from
Recently Gribakin and Ludlow ͓21͔ using second-order perturbation theory to study bound positron-atom complexes showed that the energy exponent p E was 4, while the exponent for the annihilation rate, p ⌫ , was 2. Translating these results to the scattering region suggests that p ␦ should be 4 while p Z should be 2. In practice, the exponents obtained in large-scale calculations are usually slightly smaller than the expected values ͓9,22,23͔. One criticism of the present ansatz is that the singlecenter trial wave function does not explicitly include the electron-positron coordinate. However, this deficiency is rectified by the use of high ᐉ components in the wave function. For example, positron-hydrogen phase shifts computed with the CI-Kohn formalism agree with the best variational phase shifts to an accuracy of 10 −3 rad [9] . The accuracy achieved for Z eff is not quite as good, but even here agreement at the 5% level was achieved [9] .
III. THE COULOMB WAVE BORN APPROXIMATION
The CWBA is the simplest of all approximations used in the paper. The expression for the phase shift ␦ J is
where the regular Coulomb function is defined as usual in terms of the confluent hypergeometric function ͓24͔
In order to evaluate the integrals we use the identity ͓25͔
and make use of parametric differentiation to develop
Finally, making use of
where = Z / k leads to
with W͑͒ =2 / ͑e 2 −1͒. For the CWBA, Eq. (14) collapses to
͑30͒
Using the partial-wave decomposition for the threedimensional Coulomb scattering function ͑with l set to the Coulomb phase shift͒
and the standard expansion for the delta function
͑32͒
one obtains
Using the reduced variable x = kr 0 , this simplifies to
Once Eq. (25) is inserted into Eq. (34) and use is made of Eqs. (27) and (28) one gets
͑35͒
The CWBA estimates of the phase shift and Z eff are given in Tables III-X (35) were evaluated by summing the power series. In addition, Eqs. (24) and (33) were integrated using Gaussian quadratures. The two methods gave numerical results in agreement to better than ten significant digits. Figure 1 plots the CWBA estimate of the total Z eff versus the scaled momentum 1 / = k / ͑Z −1͒ for Z =2,3,5,9, and ϱ.
For no species does Z eff exceed 1.0 at any momentum considered. The increase in Z eff with k reflects the fact that a positron is better able to tunnel through the repulsive Coulomb field at higher energies. It is also noted that the size of Z eff at constant 1 / increases monotonically with Z for the range of momentum considered. This is discussed in more detail later. Figure 2 plots the s-wave annihilation parameter Z eff ͑0͒ versus 1 / for Z =2,3,5,9, and ϱ. When 1 / is fixed, there is a tendency for Z eff ͑0͒ to increase monotonically with Z. However, the curves tend to intersect at 1 / Ϸ 1.5 and for 1 / Ͼ 2 (not depicted on the graph) Z eff ͑0͒ decreases monotonically with Z.
A. Analytic expressions for Z eff when =0
The expressions for Z eff ͑J͒ reduce to much simpler forms for positron-hydrogen scattering. In this case = 0, Eq. (35) for s-wave scattering becomes
For p-wave scattering, analytic evaluation is still possible but the answer is somewhat more complicated:
͑37͒
These expressions are only presented for completeness since no calculations are presented for hydrogen. The behavior of Z eff ͑J͒ for positive ions at low values of k can be written as
where = ͑Z −1͒ / Z and
͑40͒
Some typical values of a J and b J are listed in Table I . The interesting feature of this analysis is that the s, p, and d waves have terms in the power-series expansion of Z eff ͑J͒ in the same order of k 2 . However, the s-wave coefficient a 0 ͑͒ is larger than the p-wave coefficient a 1 ͑͒, which is in turn larger than the d-wave coefficient a 2 ͑͒. Although values have not been tabulated, the higher partial waves also have terms of the same order in the power-series expansion.
The energy dependence of Z eff ͑J͒ ͑k͒ is to a very large extent determined by the reciprocal of the scaled momentum = ͑Z −1͒ / k through the W͑͒ factor.
C. The Z \ ؕ limit for Z eff
"J…
The limit for Z eff ͑J͒ as Z → ϱ is well defined, provided the limit is taken under the constraint that = ͑Z −1͒ / k remains constant. It is possible to show that
…. ͑41͒
The coefficient ⌳ 0 ͑J , ͒ only depends on as → and
The leading correction ⌳ 1 ͑J , ͒ is
It is also possible to write ⌳ 0 ͑J , ͒ and ⌳ 1 ͑J , ͒ in terms of the integrals derived from Eq. ͑34͒ ͑ → ͒ as
͑45͒
The coefficients ⌳ 0 ͑J , ͒ and ⌳ 1 ͑J , ͒ are tabulated in Table  II for a series of values for J =0,1, and 2. It is noticeable that the relative size of the
as k / ͑Z −1͒ increases. The series in Eq. ͑41͒ is more quickly convergent at larger values of k.
D. Computation of the Coulomb functions
The asymptotic scattering functions are regular and irregular Coulomb functions. Since all integrations are done numerically this meant that computer programs to calculate Coulomb functions were needed, and the more accurate the functions the better. The necessary values of the Coulomb function were computed with two complementary approaches [26, 27] . The program of Seaton [26] evaluates the Coulomb functions by direct evaluation of the power series. As can be expected, such an approach is accurate close to the origin where relatively few terms are required in the power series.
At larger values of kr, round-off and series truncation errors in the oscillating terms of the power series become more important and start to limit the accuracy.
The program of Barnett uses an approach based on continued fractions [27] . This continued fraction algorithm is known to be accurate at distances larger than the classical turning point,
͑46͒
Inside the classical turning point round-off errors have a negative impact upon the reliability of the continued fraction calculation.
There is one aspect about the Seaton program that warrants specific mention. Although this program is stated to be a double precision (i.e., 15 digits) program, the program as published cannot be guaranteed to be this accurate over a variety of architectures. In our initial calculations upon a 32-bit INTEL based Linux workstation it was noticed that the Coulomb functions were only accurate to seven significant digits. The Seaton code did not pay enough attention to the explicit definition of data types to ensure they would be double precision under different architectures (note that the Seaton program was initially developed on the 64-bit ALPHA architecture). Accordingly, various sundry program modifications entailing less than 60 min of editing time had to be made before the program performed to its expected accuracy.
Figures 3 and 4 show a comparison between the continued fraction (CF) and power-series (PS) evaluations of the Coulomb functions. Denoting F J CF , G J CF and F J PS , G J PS as the two different computational implementations of the regular and irregular Coulomb functions, the quantities plotted are
Coulomb function were not shown since they were almost identical to that for J =0.
The increasing degree of inaccuracy in F J CF and G J CF at the smallest values of r is readily apparent. There is a complete failure in F J CF at the smallest values of r, but this is not shown in the figures. There is an extended region of r between 1a 0 and 5a 0 where both algorithms are working with close to machine precision. This region straddles the classical turning radius which for the kinematic conditions shown in the figures is 2.0a 0 for s-wave scattering. Larger fluctuations between F J CF and F J PS occur for r Ͼ 5a 0 when round-off errors in F J PS become more important. For the calculations reported in this paper, the PS method was used for r ഛ r c J / 2 while the CF fraction method was used for r Ͼ r c J / 2. A correct choice of the appropriate algorithm was important for small k and high Z. Some calculations with different choices of the PS to CF transition radius were made, and it was found that symmetry of the Kohn matrix could be destroyed by an inappropriate choice. Even with the best possible choice of the PS to CF transition, calculations at small k were quite exacting and numerical inaccuracies in the phase shift of up to 1% could easily be present for the smallest values of k given in the tables for each ion. However, the annihilation parameter Z eff ͑J͒ was not very sensitive to the exact choice of the PS to CF transition radius.
IV. THE SCATTERING OF POSITRONS FROM He +
A sequence of calculations of different sophistication were performed to give insight into the collision dynamics. These calculation were as follows.
(i) The CWBA as described in the preceding section.
(ii) The one-state close-coupling approximation CC(1) with the electron target states restricted to be the He + 1s. (iii) The three-state close-coupling approximation CC(3) with the electron target states restricted to be the He + 1s, 2s, and 2p states.
(iv) The three-state close-coupling approximation CC͑3͒ with the electron target states restricted to be the He + 1s, 2s, and 2p states. The 2p pseudostate is constructed to recover all of the ground-state dipole polarizability 0.28125a 0 3 . (v) The CI-Kohn calculation with L max = 8. This is the largest explicit calculation that was performed and included short-range functions up to L max = 8. The details of the calculations were slightly different for s-wave and p-wave calculations. A very large number of short-range functions, e.g., about 45, are needed for the positron channels that are dipole coupled to the entrance channel. For the J = 0 partial wave, this is the ᐉ = 1 positron channel. For the J = 1 partial wave, one needs the large basis for the ᐉ = 0 and ᐉ = 2 positron orbitals. The J = 1 calculation extended the partial-wave expansion to L max = 9 in order to compensate for a more slowly converging Z eff ͑1͒ . The exponents of the LTO basis were optimized manually for all the systems by maximizing the phase shift at a momentum of k = ͑Z −1͒. These calculations are referred to as the CIKOHN 8 (or CIKOHN 9 ) calculations.
(vi) The calculation with L max → ϱ. The limit is determined by using Eqs. (21)- (23) in conjunction with the three calculations with the largest values of L max . These calculations are referred to as the CIKOHN ϱ calculations.
The validity of the programs were tested by a number of checks. First of all, the results of the CC(1) calculation were compared with phase shifts and annihilation parameters computed by a direct integration of the Schrödinger equation by the Numerov method. Next, calculations of electron-He + scattering in the static-exchange approximation were compared with independent calculations in the same model [28] . Calculations were also performed at two values of , =0, and = / 2. The computed phase shifts and Z eff agreed to about five significant digits for all combinations of Z and k reported in the tables with the exception of the lowest k for each ion. Even here, values of Z eff were in agreement to five digits and the differences between the two phase shifts never exceeded 1%. Finally, the algebra related to the inclusion of the Coulomb functions was tested by using this part of the program (with =0) to reproduce previous calculations of positron-hydrogen scattering [9] .
The phase shifts and Z eff for the J = 0 and 1 partial waves are listed in Tables III and IV . The present phase shifts are compared with those of Bransden, Noble, and Whitehead (BNW) [4] and the Harris-Nesbet variational results of Gien [5, 6] . The results of the Gien E6PS basis are presented. In some instances the BNW and Gien phase shifts are interpolated from their published values. As expected, the phase shifts become more positive as the flexibility of the channel space is increased. The CC(1) phase shifts are most negative, while the L max = 8 phase shifts are the largest. The extrapolation corrections to the phase shifts are generally small, thereby indicating that the convergence of the phase shift with L max is satisfactory.
The agreement of the CIKOHN ϱ phase shifts with the BNW and Gien s-wave phase shifts is generally very good. In some instances the BNW phase shifts are a bit smaller than the Gien phase shifts, in these cases the CIKOHN ϱ phase shifts are in better agreement with the Gien phase shifts. The overall comparison with the Gien results and previous experience on the positron-hydrogen system [9] suggest that CIKOHN ϱ phase shifts are accurate to about 1%. Any residual error will probably lead to the exact phase shifts being underestimated. For most momenta the CIKOHN ϱ phase shifts are more positive than those of Gien and in these cases it is likely that the present phase shifts are slightly more accurate.
The CIKOHN ϱ p-wave phase shifts are also in reasonable agreement with the variational phase shifts of Gien [5, 6] . The size of the L max → ϱ correction is less than 1% at all momenta listed in Table III . The tendency for the CIKOHN ϱ phase shifts to be slightly larger than those of Gien can be taken as an indication that the present phase shifts are slightly more precise.
The uncertainties in the phase shifts are largest at small momenta for two distinct reasons. First, the relative contributions of the polarization interactions to the phase shifts are largest at these momenta. Although the number of shortrange basis functions used to describe the positron channel associated with dipole excitations was large, the long range of the dipole interaction does slow convergence. It is possible that incompleteness of the radial basis could lead to errors of order 1%. The other area of uncertainty lies in the accuracy of the regular and irregular Coulomb functions. The numerical procedures used to compute to these functions are most slowly convergent and most susceptible to round-off errors at small values of k.
Some interesting trends are seen when one examines the CC͑1͒ → CC͑3͒ → CC͑3͒ → CIKOHN 8 → CIKOHN ϱ phase shifts. First, the phase shift increases monotonically as the sophistication of the calculation increases. Second, the CC͑3͒ phase shift is very close to CIKOHN ϱ phase shift at the lowest momentum. As the momentum increases the differences between these two calculations increases. At the lowest momentum, the positron is less likely to penetrate close to the nucleus, and therefore the dominant atomic effect is the ␣ d / ͑2r
4 ͒ dipole polarization potential. Since the CC͑3͒ model gives the dipole polarizability exactly, it is expected to give an accurate phase shift very close to threshold. As the energy increases, the positron has a larger probability of penetrating closer to the nucleus and therefore short-range electron-positron correlations become more important.
The annihilation parameter generally shows a tendency to increase in magnitude as the sophistication of the calculation is improved. One salient feature is the stronger contribution made by the extrapolation correction to final values of Z eff ͑J͒ .
The size of the correction was about 15% for Z eff ͑0͒ . The p-wave annihilation parameter Z eff ͑1͒ is more slowly convergent and therefore the calculations were done with L max increased to 9. Even so, the correction constitutes 18% of the final value of Z eff ͑1͒ at k = 1.0a 0 −1 . If it is assumed that the extrapolation correction itself has an uncertainty of 20%, then the net uncertainty in Z eff ͑1͒ could be about 4%.
The most notable feature of the energy dependence of Z eff ͑0͒ is its extremely small size of 4 ϫ 10 −9 at k = 0.25a 0 −1 . This translates to an annihilation cross section of 6 ϫ 10 −15 a 0 2 . The small cross section is basically due to W͑͒ which impedes the ability of the positron to tunnel through the repulsive Coulomb potential. As the energy decreases further the annihilation rate becomes minute, and at close to thermal energies, i.e., k = 0.05a 0 −1 , considerations based on the CWBA suggest that Z eff ͑0͒ should be of order 10 −51 . The slower convergence of Z eff ͑1͒ was also present for positron-hydrogen scattering [9] . The slow convergence of Z eff ͑J͒ is known to result from the strong localization of the electron and positron clouds in the vicinity of each other. The presence of the additional centrifugal barrier for the J =1 partial-wave results in the region of the maximum electronpositron overlap being further from the nucleus, and thus the maximum angular momentum of the nuclear centered partial-wave expansion of the scattering wave function needs to be increased.
Comment on the extrapolation correction
The major source of uncertainty in the annihilation parameter is the contribution from the extrapolation correction. In order to do this reliably it is necessary to compute ⌬ and p Z precisely. This in turn requires calculations for a series of L max that are close to exact. Fortunately, the two major contributions leading to errors from a given calculation tend to cancel each other.
The first source of error is that the value of p Z does tend to change with L max . The asymptotic value p Z = 2 is usually approached from below as L max increases [23] . Typically, p Z is about 1.80 for most of the calculations reported here. Therefore, this leads to the correction being overestimated.
Another source of error is of course the radial basis. In order to compute the successive increments with L max exactly one needs a radial basis that is complete. Since the increments represent the difference between two calculations, any incompleteness in the basis is amplified. We have noticed that p Z tends to decrease as the dimension of the radial basis is increased. The radial basis used in the present calculations are large, but not complete. This means p Z tends to be overestimated for any specific calculation with a finite basis. This has been noticed in earlier CI-Kohn calculations of the e + Cu system [23] . Therefore truncation of the radial basis results in the extrapolation correction being underestimated.
It is noticeable that the relative size of the L max → ϱ correction for Z eff
͑J͒ is largest at the smallest momentum. Previous calculations on neutral targets also had relatively larger L max → ϱ corrections closer to threshold [9] . This is true for the multiply charged ions as well (refer to Tables VI, VIII, and X). Part of the reason may be due to the fact that the radial basis was optimized at k = ͑Z −1͒. A poorer optimization of the LTO exponents for the higher ᐉ values at low momenta leads to the successive increments to Z eff ͑J͒ decaying too quickly. If this is the case, then Z eff ͑J͒ could be systematically too large by a couple of percent at the smallest momenta.
On the other hand, the relative contribution of the L max → ϱ correction to the phase shift is smallest at small momenta. The repulsive potential prevents the positron from tunneling into the electron charge cloud, and therefore shortrange electron-positron correlations are relatively less important in the scattering process (the small size of Z eff ͑J͒ is consistent with this explanation).
V. POSITRON SCATTERING FROM MULTIPLY CHARGED IONS
Tables V-X give the phase shifts and annihilation parameters for multiply charged hydrogenic ions Li 2+ , Be 4+ , and F 8+ . The calculations performed used basis sets which were very similar in size to those performed for the He + system. The exponents of the LTO basis for each ion were reoptimized at k = ͑Z −1͒.
The comparison with the phase shifts of Gien [6] for Li 2+ and B 4+ is generally very good with agreement at the 1 -2% level being typical. Once again, the CIKOHN ϱ phase shifts are slightly more positive than those of Gien, which suggests that they may be slightly more accurate. The following ordering CC͑1͒ Ͻ CWBAϽ CC͑3͒ Ͻ CIKOHN ϱ Ͻ CIKOHN ϱ of the magnitude of Z eff ͑J͒ is rigorously obeyed by all the results given in Tables IV-X. This ordering is a measure of the variational flexibility of the positron basis in allowing the positron to approach the nucleus and overlap with the electron. It is also noticed that the relative difference between the CWBA Z eff and the CIKOHN ϱ estimates of Z eff decreased as Z increased. This is readily seen in Figs. 5 and 6 which are discussed in more detail later.
There was another consistent variation of Z eff ͑J͒ with Z. The relative size of the extrapolation correction became less important as Z increased. As the nuclear charge increases, the electron distribution will be closer to the nucleus. Therefore the region where electron-positron correlations are important is located closer to the origin and consequently the convergence of the partial-wave expansion is faster.
Heuristic description of phase-shift behavior
The s-wave phase shifts initially increase as the energy increases from threshold. This is simply explained by consideration of the effective potential for positron-ion scattering.
The residual interaction [after subtraction of the asymptotic ͑Z −1͒ / r potential] consists of two parts. At long distances there is the adiabatic polarization potential which is written as V ϳ −␣ d / ͑2r 4 ͒. The polarization potential is largest at the edge of the ground-state charge distribution. Then there is the increased nuclear repulsion that is seen whenever the positron is inside the electron charge distribution.
The attractive interaction is the more important term at low energies. The asymptotic ͑Z −1͒ / r repulsion acts to keep the incident positron away from the interior region of the target. Therefore, the increased nuclear repulsion has a small impact on the phase shift since the amplitude of the scattering wave function is small here. However, as the kinetic energy of the positron increases, it is more likely to tunnel through the Coulomb barrier into the inner region of the atom. When this occurs, the increased nuclear repulsion starts to have an impact and the phase shift then becomes negative.
The maximum positive value of the phase shift is quite small for all the systems considered. This is not surprising since the polarizability ␣ d = 4.5/ Z 4 is small for Z ജ 2. Since the polarizability decreases as Z increases it would be expected that the magnitude of the phase shift at its maximum positive value should decrease as Z increases, and this is what happens.
Research on atomic systems [9, 20, [29] [30] [31] has shown that there is a dynamical connection between the size of the lowenergy phase shifts and the annihilation parameter. An attractive interaction leads to the amplitude of the wave function being larger close to the origin, and therefore can be expected to increase the annihilation parameter. However, the maximum positive value of the phase shift obtained in all the calculations was no larger than 0.015 rad. The small size of the phase shift suggests that the effective polarization poten- tial has a relatively minor influence upon the size of the annihilation parameter. This point will be verified later.
VI. MODEL POTENTIAL DESCRIPTION
In this section a model potential description of the positron-ion collision is presented using the method of Mitroy and co-workers [29, 32] . The effective Hamiltonian for the positron moving in the field of the ion is approximated by the model potential,
The repulsive direct potential V dir is computed from the ground-state wave function of the target ion. The polarization potential is given the form Tables III, V , VII, and IX. The model potential phase shifts track the CIKOHN ϱ phase shifts reasonably well although there is a tendency for the model potential phase shifts to be slightly too negative at the largest momenta.
The annihilation of positrons in the model is written as [29] Z eff
where 1s ͑r͒ is the electron density of the 1s ground state and ⌽ J ͑r͒ is the positron scattering function for the scattering wave function with angular momentum J. The enhancement factor G J is introduced to take into consideration the impact that electron-positron correlations have in increasing the annihilation rate. In previous works, a common value of J was adopted for all partial waves. A different enhancement factor was adopted for the different partial waves because calculations revealed that G 1 was consistently bigger than G 0 . This is understandable since the centrifugal barrier will lead to p-wave annihilation occurring at larger values of r than s-wave annihilation. Therefore, the nuclear Coulomb potential Z / r will have less impact in disrupting electronpositron localization. Enhancement factors are often used in the calculation of the annihilation rate of positrons in condensed-matter systems ͓33-35͔. The valence enhancement factor G J is computed by the simple identity
where Z eff ͑J͒Kohn is the annihilation rate of the positron with the valence orbitals as given by the CIKOHN ϱ calculation and Z eff ͑J͒model is the annihilation rate predicted by the model potential calculation with G J = 1. Values of G J are listed in Tables IV, VI , VIII, and X. This is an impressive result when one considers that the calculations for F 8+ go up to about 1000 eV positron energy. Table XII Tables   IV, VI , VIII, and X. The difference between the sum of Z eff
͑0͒
and Z eff ͑1͒ and Z eff in Table XII is due to the contribution from the higher partial waves. The relative contribution from the higher partial waves is largest at the highest momentum, but even here it does not exceed 25%. The partial-wave sum for Z eff converges quickly with J and the J = 4 term makes a contribution of 1% or less.
VII. ON THE NATURE OF ANNIHILATION ENHANCEMENT
The electron-positron interaction modifies the scattering wave function in two respects.
(i) The attractive polarization potential leads to positive phase shifts at threshold. This implies an increase in the positron charge density in the vicinity of the target electron charge distribution. This will be referred to as the overlap enhancement and there are a number of studies of positronatom scattering showing the correlation between a large scattering length and a large threshold Z eff . As an aside, it is worth remarking that it is the vanishingly small overlap between the electron and positron wave functions for positive ions at thermal energies that leads to the minute Z eff at these energies.
(ii) The attractive nature of the electron-positron interaction leads to a localization of the positron in the vicinity of the electron. This effect will be called the clustering effect and is well known in condensed-matter systems [33, 34] , positron-atom scattering systems [20, 29, 30, 36] , and positron-atom bound states [19, 37] .
The Li 2+ model potential calculation at k = 2.0 has been repeated with the polarization potential set to zero. When this is done, the phase shifts change from ␦ 0 = 0. = 0.0858 and from Z eff ͑1͒ = 0.0495 to Z eff ͑1͒ = 0.0484. The net decrease in the annihilation parameter is about 4% for the s wave and 2% for the p wave. Although the polarization potential does increase the positron density in the vicinity of the nucleus (e.g., the positive phase shifts) it has a minimal effect upon the annihilation rate. The minor increase caused by the overlap effect demonstrates that the cluster effect is the dominant cause of the annihilation enhancement for positron scattering from positive ions.
This partly explains the ability of the model with a simple scaling factor to reproduce the more sophisticated variational calculation. In effect, the relative unimportance of overlap enhancement in increasing the annihilation parameter means that it is not sensitive to the fine details of the polarization potential. The rapid variation in the annihilation parameter as the positron energy approaches threshold is largely driven by kinematic factors related to the ability of the positron to tunnel into the repulsive Coulomb barrier.
There are some numerical regularities present in Table XI The tendency for the positron to penetrate deeper into the electron cloud as Z increases ( constant) explains the tendency for Z eff ͑0͒ to increase. However, the CIKOHN ϱ calculation shows a tendency to decrease as Z increases. The ability of electron-positron correlations to increase the annihilation rate diminishes as Z increases. The stronger Coulomb field of the target inhibits electron-positron localization and therefore Z eff enhancement due to the clustering effect will decrease. The plot of Z eff ͑1͒ versus Z shown in Fig. 6 shows some differences in qualitative behavior from the s-wave plot. The p-wave CWBA plot is reminiscent of the s-wave plot; Z eff ͑1͒ increases monotonically from Z =2 to Z = 9. Once again, the relative size of the classical turning radius to the mean orbital radius, i.e., Zr c / 1.5 decreases as Z increases at constant . But, unlike the case for J = 0, the CIKOHN ϱ result shows a tendency to increase with increasing Z. This is a consequence of the centrifugal barrier which acts to suppress the ability of the positron to penetrate into the electron cloud. The relative importance of the centrifugal barrier is stronger at smaller values of Z. Therefore, the p-wave CWBA value increases by a factor of 3.6 from Z =2 to Z = 9 while the corresponding increase in the s-wave CWBA value of Z eff ͑J͒ was only a factor of 1.5. The tendency for the p-wave CWBA to increase more quickly with increasing Z overwhelms the tendency for the clustering effect to decrease with increasing Z and the net effect is a Z eff ͑1͒ that decreases with increasing Z.
VIII. CONCLUSIONS
The Kohn variational method using nuclear centered basis functions has been applied to the calculation of the phase shifts and annihilation parameters for positron scattering from hydrogenlike ions. The phase shifts agree very well with those of a previous variational calculation by Gien [5, 6] for those ions and momenta common to both calculations and demonstrate that the CI-Kohn approach is capable of obtaining phase shifts comparable in accuracy to calculations which explicitly include the electron-positron distance in the scattering wave function. Indeed, we believe that the present phase shifts are marginally more accurate than those of Gien since they are slightly more positive. Besides giving close to converged phase shifts, results are also presented for a number of less sophisticated models which restrict the allowable excitations of the target electron. Such calculations are useful as benchmarks in developing alternative methods to compute positron-ion scattering.
In common with other positron scattering calculations with a single-center basis it is found that the convergence is slow with respect to the maximum orbital angular momenta of the basis states included in the partial-wave expansion of the wave function. The convergence problems were not as severe as for neutral systems since the region of strong electron-positron localization occurs closer to the origin. It is found that convergence of the annihilation parameter is slower for p-wave than for s-wave scattering. This is compatible with earlier calculations for neutrals and suggests the electron-positron localization occurs further from the origin due to the presence of the centrifugal barrier.
However, extrapolations in angular momentum were needed in order to mopup the last 0.1-2% of the phase shift and the last 5 -20% of the annihilation parameter. While the extrapolation correction is probably the largest source of error in the tabulated phase shifts and annihilation parameters, it should be noted that a 20% error in the Z eff ͑J͒ extrapolation correction would only lead to a 4% error in the final value of Z eff ͑J͒ .
One of the more interesting results of the present work is the importance of cluster enhancement of the positron annihilation rate even for strong Coulomb fields. Even for the heavily ionized F 8+ system, there is still a 20% enhancement. The annihilation parameter at thermal energies is microscopically small due to the diminishing amplitude of the positron wave function as it tunnels through the repulsive Coulomb barrier. This means that losses due to annihilation do not have to be considered in cooling schemes involving positive ions and positrons [38] [39] [40] [41] .
